The dynamic of amoebas in favorable circumstances is modeled by a nonlinear system of Partial Differential Equations arising in chemotaxis. The competition between different parameters of this system plays a major role in the process of aggregation. Throughout this paper, we prove the existence of self-similar solutions that blow up in finite time in a dimensional space and under specific circumstances depending upon the position of those parameters.
Introduction
Many fundamental processes in biology and physiology depend on the ability of cells reaction to external cues. A reaction to chemical substances is called Chemotaxis. This can lead to a biased motion of some organisms (such as amoebae, bacteria, endothelial cells, etc...) towards the gradients of chemicals concentration. The purpose is to provide a more favorable environment for their survival. Such a movement along the gradient of the chemical substance can be either positive chemotaxis where organisms move toward a higher concentration or negative chemotaxis where they move away from it.
The microscopic perspective considers a more local (say individual) or mesoscopic level which involves kinetic (Boltzmann type) equations with nonlinear scattering kernels. The arguments used to describe the microscopic motion are supported by different approaches such as Fourier's law, Fick's law, biased random walk, interacting particle systems, transport equations, stochastic processes and multi-phase flow modeling; see [15] and the references therein.
The macroscopic perspective considers the whole population density involved in the process. It is no more concerned with the individual microscopic data but rather with global properties where relations settle between various macroscopic quantities. They are usually formulated and derived from microscopic laws; see [10] for more details.
In accordance with the latter approach, different mathematical models have been suggested to describe the chemotaxis process. Nevertheless, the one provided by Keller and Segel (K-S) remains the most prominent and widely studied; see [11, 12, 13, 16] for various assessments. The K-S model is basically used to describe the aggregation of the slime mold amoebae Dictyostelium discoideum [3, 9] . It has also been successfully used in various contexts such as angiogenesis to describe the phenomenon of sprouting of new blood vessels and the growth of a tumor [4] . This was accomplished thanks to the model capacity to replicate key behavior of chemotactic populations and its ability to demonstrate aggregation in certain parameter regions.
In this paper, we shall consider the following parabolic-parabolic K-S system for any t < 0,
where it is assumed that the evolution of the concentration of amoebae U (x, t) and the concentration S(x, t) of substrate are governed respectively by two equations:
The first equation expresses the amoebas conservation where the term on the right represents the motion in the absence of chemotaxis. Thus, with ∇S = 0 the equation becomes identical to the diffusion equation where µ represents the motility coefficient. The second term on the left represents the flux due to chemotaxis where χ(S) represents a measure of the chemotaxis strength and is, hence, termed the chemotactic sensitivity while δ represents the chemotactic coefficient.
The second equation describes the substrate conservation that is assumed to diffuse with a coefficient of diffusion ν and is produced by the amoebae with the rate K(S).
Under certain formulations of the above model, the phenomenon of aggregation has been shown to lead to finite-time blow-up, and a large body of work has been devoted to determine when blow-up occurs or whether globally solutions exist. Indeed, under various assumptions, it has been rigorously proven that for one dimension, the solutions exist globally. For higher dimensions, there exists a threshold phenomenon with blow-up solutions. In two space dimension, which is a particular case, the finite time blow-up solution exist when the threshold is above a certain critical mass; see e.g. [6] and [10, 15] . The threshold advanced here is located between the diffusion dominated regime and the regime of aggregation.
On the other hand, much interest has been aroused by the forms of solutions of the system (1) and their behavior change in different aspects. In this article, the emphasis is directed to self-similar solutions. Such solutions can be obtained by integrating (1) on the interval [t 0 , t] for any 0 < t 0 < t, that is, solutions of
for the particular case µ = χ(s) = 1 and K(s) = ν = 1 τ . We refer to [6, 14] for this and additional results.
Alternatively, we can prove the existence of self-similar solutions in the same spirit as in Childress and Percus [5] , i.e, solutions which can be written as
where
Such self-similar solutions are sufficiently smooth (at least integrable) and preserve mass since a = − n 2 . It remains to determine in which case their evolution lead to the blow up into a set of δ-functions. These δ-functions arise as a result of the competition between m and α, which express respectively the depletion rate of the substrate and the strength of the chemotactic attraction.
For instance in the case of the bacteria system (k < 0), it has been shown in [18] that the bacterial density is concentrated in finite time at the origin in one space dimension for ν = 0. For two space dimensions and initial data for the bacterial density which is zero at the origin, chemotactic rings are concentrated around the origin after finite time. In higher space dimensions, blow-up of the solution occurs by an initial singularity of the chemoattractant in the origin. For ν > 0, there exist smooth initial data leading to finite time blow-up of the solution in one space dimension.
Using the same technical tools introduced in [18] and considering the system (1) with a smooth initial data t = t 0 < 0, we investigate whether solutions (2) blow up at x = 0 and t = 0 for the non-diffusive case µ = 0, since a = − Assuming that the diffusion of substrate has a small effect compared to that of amoebae (i.e. ν is taken to be zero) and m ranges in the interval ]0, 1[, we can prove that for α = 1 the aggregation of amoebae will be possible in a dimensional space higher than two. For α > 1, the same result holds true in dimension two. In the case of α = m, we construct radially symmetric solutions that blow up as a chemotactic collapse in finite time.
For ν considered very large (therefore the term ∂S ∂t of the second equation of (1) can be neglected), the substrate satisfies a quasi-static elliptic PDE. In this case, we reformulate radially symmetric solutions under a suitable scaling that follow Burger's equation. This can lead to a blow-up as δ-function (amoebae aggregation) at the proximity of the origin in dimension one, and on a ball in a multidimensional space.
The paper is structured as follows. In Section 2 we state the scaling (2) in detail and some preliminary results that allows in the sequel to investigate the possibility of aggregation according to the position of α and m. In Section 3 and resp. Section 4, we will study the non diffusive system (1) for the case α > m where α > 1 (resp. α < 1). Section 5 is devoted to the case of α = m. In Section 6, we will study the case when diffusion of chemicals takes place much faster than that of the species.
Preliminaries
The scaling (2) can be justified in the following way :
First, we consider t 0 < t < 0 instead of 0 < t 0 < t since (1) is autonomous. From a smooth initial data t = t 0 < 0, we study the possibility of blow-up at the point x = 0 and the time t = 0 in the full space R n without boundary conditions. With additional assumptions on initial data, the conservation of mass for the density function and the nonnegativity of density function and chemo-attractant concentration are assured, i.e., ∫
Then, we consider the case ν = 0, whenever the diffusion of substrate is small compared to the motility of the species of density µ, in n space dimensions of (1), namely,
The magnitude of U (x, t) in aggregate in R n will be O(δ −n ), where δ is an aggregate dimension which decreases to zero when a collapse occurs. Thus, if we take S = δ −γ and −t ∼ δ ϵ , then
With respect to dependance on δ, the equations on (3) and (4) then take the following form:
Therefore, if we choose
all terms are then comparable in each equation, and there is a possibility of blowing up for each scaling in any space dimension. According to (5) and (6), a spatial scale of δ implies a temporal scale of δ 2 .
In addition, assuming that the blow up occurs at finite time t = 0 we introduce the scaled variable
Hence, since S = δ −γ ∼ (−t) b δ, the scaling of S in (2) is followed. Note that,
Let (U (x, t), S(x, t)) be the solution to (3), (4) and (7). The equation (7) implies
where ω n is the unit ball volume and ρ(ζ) = (−ζ)
Lemma 2.1. Let (u(ζ), s(ζ)) be defined in (2). Assume that
where (˙) stands for
Lemma 10 can be proved in a similar way as in [18] , so we omit the proof here.
Remark 2.2. From (9), we have
So, assuming that m < 1 then
• b > 0 if and only if n < 2.
• If α = 1 then any negative parameter b is possible.
• If α ̸ = 1 then b = 0, hence n = 2. (10) in R , we obtain
for some constant C.
Notice that taking ζ = 0, we can observe that C = 0. Thus, from Lemma 2.1, we deduce the following proposition (2) . Then the system in (3) and (4) is equivalent to
The problem is thus reduced to the form (12) . This allows us to prove (12) is
Proof. For µ = 0, we rewrite (12)
• If u ̸ = 0, then for ζ > ζ 0 , (13) and (14) can be derived by dividing the first equation of (15) by u and the second by s.
• 
So, starting with initial data
there exists (U,S) solution of (1) 
Proof. The system with a diffusion of substrate is rewritten as
Using the same computation as in the previous section, we have
which yields after integration Proof. We rewrite (10)
Integrating the first equation where a = −1 we obtain, −ζu = 4δζus −αṡ + C Where choosing ζ = 0, we can see that C = 0.
Then dividing by −ζu, we find
This becomes where integrating for α ̸ = 1
Combining (19) with the second equation of (18), we obtain s(ζ). 5 Blow-up for m = α < 1 and ν = 0
In this section, we shall investigate radial solutions of (1) that come to a blow up result in finite time as a chemotactic collapse. One shall show that this phenomenon is only possible if the dimensional space n > 2. For that, with the transformation
we rewrite the system (1) as
which is a particular case (k 0 = ν = 0) of the system studied in Childress and
Note that to prevent S from been negative, the scaling of Childress and Percus cannot be used unless m < 1. 
Proof. We introduce the transformations given by the formulas (21). U 1 and S 1 , been bounded and regular functions, we compute
Substituting (20) in (21), the system for U 1 and
The first equation in (23) has the particular integral solution
By substituting (25) in the second equation of (23), one obtain 
Remark 5.3. Since the totality of population is conserved we have
S n been the n dimensional unit ball volume, this allows to compute R 0
6 blow-up for µ = 0 and ν >> 1
Assuming ν very large means that the diffusion of the chemical takes place much faster than that of the species. This leads to neglect the term of ∂S ∂t . As a consequence, the second equation of (1) becomes −ν∆S = U . Therefore we now consider the following parabolic-elliptic version of K-S model
where coefficients µ and χ are removed by a scaling.
The validity of this version is supported by other interesting physical interpretations. It arises in statistical mechanics and in astrophysics as a model of the evolution of a cloud of self-gravitating particles in the mean field approximation (see [1, 2] and the references therein).
Comparing the parabolic-parabolic and the parabolic-elliptic models, authors in [2] expected that the evolution described by (26) might be faster than that for (1) , especially when the diffusion of S is rather slow compared to that of U . Moreover, the nonlinear effects for (26) should manifest themselves faster than for (26). Otherwise, with the ad hoc decay conditions at infinity on U and S, one should note that the chemical concentration gradient can be represented exactly by
where E n is the fundamental solution of the Laplacian in R n , a formula that can be used directly in the equation on U .
Let us focus on the investigation of blow up solutions and their behavior in a dimensional analysis. In the rest of this section, we will prove that under a certain scaling, (26) follows the inviscid Burgers' equation which results in development of singularity in finite time as Dirac δ-function (amoebae aggregation) [7, 8] . We summarize our results in the following theorem 
The one dimensional problem
To begin with, we prove the following proposition 
